Abstract. We prove that the Galois groups of the maximal unramified pro-2-extensions over the cyclotomic Z 2 -extensions of certain real quadratic fields are metacyclic pro-2 groups, and we give some criteria for the finiteness and examples relating to Greenberg's conjecture.
Introduction
Let be a prime number and k a number field of finite degree. We denote by k ∞ the cyclotomic Z -extension of k. For each integer n ≥ 0, k ∞ contains a unique cyclic extension k n /k of degree n . Let A(k n ) be the Sylow -subgroup of the ideal class group of k n , and let X(k ∞ ) = lim ← − A(k n ) be the projective limit with respect to the norm mappings. For all sufficiently large n, the order |A(k n )| is described as
by the Iwasawa invariants λ (k), μ (k) and ν (k). The Iwasawa module X(k ∞ ) is finite if and only if λ (k) = μ (k) = 0. Greenberg [10] conjectured that λ (k) = μ (k) = 0 if k is a totally real number field. Ferrero and Washington [7] proved that μ (k) = 0 if k is an abelian extension of the rational number field Q. Let G(k ∞ ) (resp. G(k n )) be the Galois group of the maximal unramified pro--extension k ur ∞ /k ∞ (resp. k ur n /k n ). The commutator series of G(k n ) corresponds to the -class field tower of k n . Then G(k ∞ ) lim ← − G(k n ) with respect to the restriction mappings, and the maximal abelian quotient of G(k ∞ ) (resp. G(k n )) is isomorphic to X(k ∞ ) (resp. A(k n )). The triviality of G(k ∞ ) is equivalent to the vanishing of the Iwasawa invariants λ (k) = μ (k) = ν (k) = 0. Concerning a restatement of Greenberg's conjecture, we have the following proposition. 
Proposition 1. (i) G(k ∞ ) is a Fab pro-group (i.e., the maximal abelian quotient of any open subgroup is finite) if and only if λ (F )
This completes the proof.
Greenberg's conjecture asserts that G(k ∞ ) is Fab if k is a totally real number field. As a step to this problem, we consider the finiteness of G(k ∞ ) when = 2 and k is a real quadratic field. Some criteria and examples with X(k ∞ ) (2, 2) = Z/2Z ⊕ Z/2Z have been established by Mouhib and Movahhedi [12] . The purpose of this paper is to obtain further examples of finite metacyclic G(k ∞ ), including the case X(k ∞ ) (2, 2), by showing the following theorem. After proving Theorem 2, we see some criteria for the finiteness and examples. 
We assume that the cyclotomic Z -extension k ∞ /k is totally ramified at any prime ideal lying over . 
As a version of Fukuda's theorems [8] , we obtain the following proposition.
Proposition 3.
Assume that the cyclotomic Z -extension k ∞ /k is totally ramified at any prime ideal lying over . Then: 
2.2. Let us recall a part of genus theory (cf. e.g. [17] ). For a finite extension F/Q, we denote by E(F ) the unit group of F . Let k/F be a cyclic -extension with the Then we obtain the genus formulae
where v runs over all places of F , e v is the ramification index in k/F , and 
2.3. In order to prove Theorem 2, we refer to some results from group theory. For a finite -group G and its subgroup H, we denote by
. By referring to Theorem 1 of [4] and Theorem 2.3 of [5] , we have the following proposition.
In the following sections, we put = 2.
Proof of Theorem 2
About the Z 2 -extension Q ∞ /Q, we note that A(Q n ) = 0 for all n and that the narrow class number of Q 1 = Q( √ 2) is 1. Then there exists a prime element
lying over p which is totally positive, and the principal ideal ( √ 2) is the unique prime ideal of Q 1 lying over 2.
which is prime to 2. We denote by
(mod p) the quartic residue symbol modulo p. By referring to Lemma 3.8 of [9] and Lemma 1 (2) of [13] , we obtain the following lemmas.
Lemma 5. Let z be an element of Z[
√ 2] which is prime to 2. Then we have: By the genus theory, the genus field of k/Q is K = Q( √ p, √ q), and hence
Proof. By the genus formula for Q n /Q 1 , we have
by the genus formulae for k n /Q n . Therefore rank A(k n ) = 2 for all n ≥ 1.
Lemma 8. If
Proof. First, we assume that 2 p 4 = 1. By Lemma 6, there exists a quadratic extension
. Since rank A(k 1 ) = 2, we have rank A (k 1 ) = 1 and D(k 1 ) = 0. By Proposition 3 (2), we have rank A (k n ) = 1 for all n. Since k n /Q n is ramified at the unique prime ideal lying over 2 and
Second, we assume that
This implies that rank A (k 1 ) = 1 and D(k 1 ) = 0. By Proposition 3 (2), rank
Lemma 9. If
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Proof. Let σ, τ be the generator of Gal( [14] . Then σ also acts on A(K n ) as −1, and hence στ acts on A(K n ) trivially. This yields that L(K n ) = L(k n ). Since rank A(k n ) = 2 by Lemma 7 and Lemma 8, G(k n ) is abelian by Proposition 7 of [3] . Therefore G(k ∞ ) X(k ∞ ), which is an abelian metacyclic pro-2 group. By Lemma 9, it suffices to consider the case that 
has the order at most 2 and that H/G 3 is an abelian quotient of
Since A(Q n ( √ q)) = 0 (cf. [14] ) and the unique prime ideal of
is a cyclic group. Therefore G/G 3 is a metacyclic 2-group and hence G is a metacyclic 2-group by Proposition 4 (ii).
is a metacyclic pro-2 group (cf. [6] , Chapter 3, Exercise 10).
Figure 1
Since
is cyclic for all n. This is a contradiction. Therefore d n is bounded as n → ∞. Proof. Let F n be the maximal subfield of k ur n which is abelian over Q. Then K n ⊂ F n ⊂ L(k n ) and F n /k is abelian. Let F be the inertia subfield of the unique prime ideal of k lying over 2 in F n /k. Then F n = F k n , and F is an unramified 2-extension of k which is abelian over Q. Thus F ⊂ K, and hence
yields that the order of the commutator subgroup G 2 of G(k n ) is bounded as n → ∞. Therefore the commutator subgroup of G(k ∞ ) is finite. This completes the proof of Theorem 2.
Criteria
In this section we give some criteria for the finiteness and the structure of G(k ∞ ). We denote by p q the quadratic residue symbol and put k ∨ = Q( √ 2pq).
Proposition 11. The following hold under the assumption of Theorem 2: (i) If
(iv) Assume that
Proof. (ii) In the proof of Lemma 8, we have seen that (
On the other hand, in the proof of Theorem 2 we have seen that
is ramified at a prime ideal lying over 2, we have 2
by Théorème 2 of [2] , and hence
2) for all n ≥ 1. This yields that X(k ∞ ) (2, 2).
(iv) Since k ∞ /k is ramified at only one prime ideal of k which is totally ramified,
and X X/D Λ/(T − α) with some α ∈ 2Z 2 . Since A(k n ) is finite, T − α is prime to ω n for all n ≥ 0. Let a 0 ∈ Ker ι n be an arbitrary element of the kernel of the lifting mapping ι n : A(k) → A(k n ) for n ≥ 1, and let x 0 mod T X be the corresponding element of X/T X. By Theorem 7 of [11] , (ω n /T )x 0 ∈ ω n X, i.e., ω n (x 0 − T x 0 ) = 0 with some x 0 ∈ X. Then x 0 − T x 0 ∈ D, and hence
. Then the genus formula for k n /k yields that
This implies that D(k) = 0. By the same arguments for the
Remarks .
(1) The finiteness of X(k ∞ ) in case (iii) has been proved in [9] and [13] . We now prepare the following lemma for the convenience of the calculation. 
